This paper extends the forestry maximum principle of Heaps (1984) to allow the benefits of harvesting to be the utility of the volume of the wood harvested as in Wan (1985, 1986). Unlike those authors, however, time is treated as a continuous rather than as a discrete variable. Existence of an optimal harvesting policy is established. Then necessary conditions are derived for the extended model which are also sufficient. The conditions are used to show that under certain boundedness conditions, sequences of optimal harvesting policies contain subsequences which converge pointwise a.e. and in net present value to an optimal harvesting policy. This result is then used to show that any optimal logging policy must converge in harvesting age to a constant rotation period given by modified Faustmann formula. The associated age class distribution converges to a normal forest.
The model discussed here is an extension of the forestry maximum principle of Heaps (1984) where time is treated as a continuous variable and optimal logging policies are described by a maximum principle involving delay differential equations. Other authors have set up this model using discrete time and zero harvesting costs. 4 It has not, however, been possible to address the convergence question in a fully satisfactory manner with this type of model (Amacher et al., 2009, 214) . Attempts to do so have included making the land area variable (Sahashi, 2002) or allowing for multiple species (Piazza, 2009) . The model has also been set up as a distributed control problem in continuous time where the dynamics of age distribution change are set up as a partial differential or integrodifferential equation. There are maximum principles that determine necessary conditions for finding the optimal solution to such problems (Veliov, 2008; Hritonenko and Yatsenko, 2010) . These approaches have the advantage of allowing for more realistic modelling of the tree growth process, timber revenues and harvesting costs in terms of their dependence on the age/size characteristics of the trees (Quinn, 1992; Xabadia and Goetz, 2010) . There has also been a recent development of numerical methods for solving these types of distributed optimal control problems (Goetz et al., 2011) . However, analytical methods for determining the convergence properties of the optimal solutions have yet to be developed. This paper develops an extended forestry maximum principle (EXFMP) which applies to the maximization of the PV of the utility associated with the harvest minus area dependent harvesting costs. In this framework it is shown that an optimal harvesting policy must involve always harvesting the oldest trees first. Attention can then be restricted to nonnegative real valued functions h with domain R þ which have the property that the associated discounted function is Lebesgue integrable, i.e. is a member of L 1 þ ðe À rt Þ. The first part of h will represent the initial age distribution of the forest and the second part will represent the distribution over time of the number of hectares logged (and immediately reforested) by a logging policy. It is then shown that the PV function is bounded on the set of harvesting policies. It is further shown that optimal policies belong to a subset of L 1 þ ðe À rt Þ of policies satisfying certain boundedness conditions. As a consequence, this subset is relatively compact in the weak topology on L 1 þ ðe À rt Þ and the existence of an optimal logging policy is established as the weak limit of an appropriately chosen sequence of policies in it.
Next the necessary conditions derived in Heaps (1984) are generalized to apply to the extended model. These conditions take the form of delay-differential equations involving both lags and leads. Similar results have been obtained for the related optimal growth models involving vintage capital such as the AK model in Boucekkine and Licandro (2005) . Like that model, the conditions obtained are sufficient as well as necessary in characterizing optimal policies.
Finally the EXFMP will be used to show that optimal logging polices must always converge to a constant harvesting policy no matter what the initial age distribution of the forest system is. The key result is to show that if a sequence of optimal logging policies converges to a policy in the weak topology and provided certain boundedness conditions are met, then the limit policy is also optimal and the convergence applies pointwise a.e. and in PV. As time passes, a logging policy changes the age distribution of the trees on the forest land. For an optimal logging policy, the above result is used to show that if the amount of time passed is greater than the length of one complete harvesting cycle, then the new age distribution will be associated with a higher present value of net benefits from future logging than the old age distribution provided the two distributions are different. It was shown in the existence section of the paper that there is one initial age distribution which has a higher present value associated with it than any other age distribution. The corresponding optimal logging policy cannot increase the present value as time passes. This implies that as time passes the age distribution is not changed by this particular logging policy which is only possible if the forest is a normal forest and the policy harvests a constant amount of land as time passes. Further, given any other optimal logging policy, as time passes the PV calculated from the changing age distribution converges to a constant. A final application of the EXFMP is then to show that there is a limiting age distribution which is a normal forest with the harvesting age given by a modified Faustmann formula.
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The paper is organized as follows. Section 2 shows that optimal logging policies log first the oldest trees standing in the forest and then sets up the extended model. Section 3 shows that an optimal logging policy exists provided the initial age distribution of the forest is Lebesgue integrable. It also shows that there is one initial age distribution and logging policy that has a higher PV than any other such distribution and policy. Section 4 derives the necessary conditions of the EXFMP and Section 5 then uses the EXFMP to show that optimal logging policies satisfy certain boundedness conditions. It also provides conditions under which weak convergence of a sequence of optimal logging policies implies convergence pointwise a.e. of the associated costate variables. Section 6 then derives the results on the asymptotic convergence of age distributions. Finally, Section 7 concludes the paper.
The extended forestry age class model in continuous time
It is desired to devise an optimal logging policy for a forest of total area A which is homogeneous with respect to its biological and economic characteristics. Initially, the area is covered by an uneven aged forest which has h o (a) hectares of a year old trees in each of the age classes 0 ra r a o where R ao 0 h o ðaÞ da ¼ A. Then as time passes the age distribution of the forest changes either by trees becoming older or by land being logged and immediately reforested so that it is now is covered by 0 age trees. The volume per hectare associated with land covered by a year old trees will be described by a function p(a). It will be assumed that this volume function satisfies the following properties:
(a) pðaÞ ¼ 0 for a ra where a 40 and lim a-1 pðaÞ ¼ p o 1. (b) p ðaÞ 40 for a 4 a.
(c) p
These properties are similar to those discussed in Heaps (1984) except that it has been necessary to strengthen (c) to make the volume against age curve strictly concave on ½a; 1Þ rather than simply S -shaped. Then following Wan (1985, 1986 ) the benefits of logging are measured by a utility function UðcðtÞÞ where c(t) is the total volume of the trees being consumed at time t and U ″ exists and is continuous on ð0; 1Þ. The utility function should satisfy
40 and U is nondecreasing in c.
(e) U(c) is concave in c.
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Letting r be the forest operator's discount rate, the Mitra-Wan type model then has the objective of maximizing the present value of utility which is
subject to constraints on the way the age distribution of the forest changes over time. These constraints are set out clearly in Salo and Tahvonen (2003) for the discrete time model and could be generalized to the continuous time model. However, it will be shown below that optimal harvesting policies satisfy some special properties. The age distribution constraints for logging policies with these properties can be described in the simple way used in Heaps (1984) and this will be done later in this section of the paper. Now, the model represented by (1) will be extended to allow as well for harvesting costs CðhðtÞÞ where h(t) is the area of land logged at time t and C ″ exists and is continuous on ð0; 1Þ. It will be assumed that this cost function satisfies (f) Cð0Þ Z 0 and C is nondecreasing in h.
Thus PV of net benefits from logging becomes
and the model includes as special cases both a continuous time Mitra-Wan type specification and the specification in Heaps (1984) where U(c) is linear in c. It will further be assumed that
4 0 so that there are logging programs with a higher value of W than doing no logging at all. One preliminary point now needs to be made about optimal logging programs. It cannot be optimal to defer consumption of logs consumed at time t to a later date s. Such an action would not change the present value of logging costs but would change the present value of utility essentially to
Thus for an optimal logging program and t rs this expression has a maximum at Δc ¼ 0 and its derivative with respect to Δc at Δc ¼ 0 must be nonpositive. That is
An important implication of this inequality is that when land is harvested, the logs on it are consumed immediately. For suppose Δh hectares of trees of age a were harvested at time t but the logs were not consumed until a later time s. Bringing forward the consumption to time t would essentially change W to
which is not a decrease in W since its derivative with respect to
6 Utility is measured in $ terms as the integral of the inverse demand function for wood. That is UðcÞ ¼ R c 0 pðxÞ dx where p(c) is the maximum society that is willing to pay to consume volume c of the wood. The utility used here is also net of those logging costs which are related to the volume harvested. These costs fall per m 3 as the trees grow larger. Tahvonen (2002, 2003) and Tahvonen (2004) also assume bounded utility in order to ensure the existence of an optimal harvesting policy. This assumption will not, however, be required in this paper. Now inequality (3) can be used to establish the following result which will make it possible to present the constraints on the dynamics of age distribution change for optimal logging policies in a tractable manner. Proposition 1. At any time, an optimal logging program involves cutting only the oldest trees standing in the forest.
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Proof. Suppose it is optimal to harvest Δh hectares of trees of age a 1 at time t and also Δh hectares of trees of age a 2 þ dt at time t þ dt where dt 40. This logging program can be compared to a program which is identical except in that the order in which the two plots above are harvested is reversed. The switch does not change harvesting costs. However, the present value of utility is changed essentially to
Now differentiating this with respect to Δh gives at Δh ¼ 0
Now suppose a 2 4a 1 . By assumption (c) about the volume function, it follows that pða 2 ÞÀpða 1 Þ 4 pða 2 þdtÞÀpða 1 þ dtÞ 4 0 (where assumption (b) is used). Then multiplying this inequality by inequality (3) gives
which implies that (5) 4 0 and the original logging policy was nonoptimal. It must have been the case then that a 1 4a 2 which proves the proposition. □ Based on Proposition 1, the search for optimal harvesting policies can be restricted to those policies which cut down the forest in the same order as it has been planted. The combination of an initial age distribution and such a logging policy can then be represented by a single function
This part of h may take on the value þ1. For t Za o , h(t) is the number of hectares that will be logged (and regenerated) at time t À a o after the base time a o . Using this base time
One further assumption will be made to avoid having to consider impulsive controls as these would require a more complicated type of model involving generalized differential equations (Miller and Rubinovich, 2003) . The condition (i) lim h-1 U 0 ðphÞp r lim h-1 C 0 ðhÞ 9 achieves this purpose for suppose U 0 ðcÞ-α 4 0 as c-1. Then for p op
and so UðphÞÀCðhÞ is maximized by a finite h. In the case α ¼ 0 (and C 0), it is because UðphÞÀqh is maximized by a finite h for any q 4 0. Consequently, the search for optimal harvesting policies can be restricted to policies which satisfy hðtÞ o 1 for all t Za o . Next, given h, a cumulative harvesting policy H can be defined as HðtÞ ¼ R t 0 hðsÞ ds. For t Z a o , HðtÞÀA is an absolutely continuous nonnegative increasing function which represents the number of hectares harvested from the base time a o up to time t. For t o a o , HðtÞ ¼ R t 0 h o ða o À sÞ ds ¼ the number of hectares covered initially by trees of age 4a o Àt. For 0 r t ra o , H(t) is increasing and assumes the value A at a 0 . However it is not necessarily continuous -where H(t) jumps, hðtÞ ¼ þ1. Note that it is known that an increasing function is differentiable a.e. and moreover H ðtÞ ¼ hðtÞ wherever H is differentiable. For these results, see Jones (1993, 514, 548-550) . Now given Proposition 1, one can write cðtÞ ¼ pðaðtÞÞhðtÞ where a(t) is the age of the trees being logged at time t. To determine the age at harvest, two rotation functions v(t) and w(t) are defined as the time when the trees being harvested at time t were planted and as the time the land being cleared at time t will next be cleared again. 10 In the course of a rotation, the whole forest must be cleared exactly once. A formal definition is therefore vðtÞ ¼ inf fs: HðsÞ Z HðtÞÀAg and wðtÞ ¼ supfs: HðsÞ r HðtÞþAg ð 7Þ
Note that wð0Þ ¼ supfs: HðsÞ r Ag Za o and is the time at which active logging begins. Moreover, vðtÞ ¼ 0 for t rwð0Þ. As well, v and w are clearly increasing in t so they are differentiable a.e. The important properties of v and w are that
7 In the case of linear utility, this result has also been obtained by maximum principle methods (Quinn, 1992, 125) . Hritonenko and Yatsenko (2007) have a similar result for a more sophisticated population model. 8 L 1 þ ðe À rt Þ ¼ ff : ½0; 1Þ-½0; 1Þ: fe À rt is Lebesgue integrable}. 9 Assumption (h) rules out the case where both U(c) and C(h) are linear and harvesting can be done profitably so an implication of the assumption is that either U(c) is strictly concave and/or C(h) is strictly convex. The optimal harvesting strategy in the linear model is to harvest the trees when they reach the unique Faustmann rotation for this model. This is shown in Heaps (1984) . The assumption holds if either U 0 ðcÞ-0 as c-1 or C 0 ðhÞ-1 as h-1. 10 A timber rotation is the period of time between the establishment of a timber stand and its subsequent harvest.
These and additional properties are discussed in Appendix A. Note also that aðtÞ ¼ t À vðtÞ. Thus the problem of maximizing the present value of net benefits from logging in the extended forestry age class model in continuous time can now be presented as choosing h A L 1 þ ðe À rt Þ to maximize
The search for an optimal policy can be restricted to A & L 1 þ ðe À rt Þ whose members satisfy the following conditions:
(a) v(t) and w(t) are defined by (7) (b) h o ðaÞ ¼ hða o À aÞ for 0 rt r a o is given (c) h(t) o 1 for t Zwð0Þ (d) a rt À vðtÞ for t Zwð0Þ (e) 0 r hðtÞ r h r 1 a.e. for t Z wð0Þ
Condition (d) can be imposed because optimal harvesting policies will not be harvesting trees at ages at which they have no value. Finally, the last condition, when h o 1, represents any upper constraint that might be imposed on the harvest rate such as a capacity or a regulatory constraint. There is now the question of what conditions the initial age distribution should satisfy in order to ensure that an optimal harvesting policy maximizing W(h) exists. The next section shows that no additional conditions are required.
Existence of an optimal harvesting policy
The first issue is to show that W is bounded above on A. Since Uðpðt À vÞhÞÀCðhÞ r UðphÞÀCðhÞ, it is sufficient to show that e rao R 1 ao ½UðphÞÀCðhÞe À rt dt is bounded above on A. Pick h 1 40 such that the maximum value of UðphÞÀCðhÞ for h A ½0; h 1 occurs at h 1 .
11 Since UðphÞÀCðhÞ is concave in h, the maximum value of ½UðphÞÀCðhÞþCð0Þ=h for h A ½h 1 ; 1Þ also occurs at h 1 . The integral above can then be divided into two parts. One part is the integral over X where X is the measurable set ft Z a o : hðtÞ rh 1 g. 
and
Combining this inequality with (11) and (12) shows the boundedness of W on A. It should also be noted that the upper bound found here does not depend on the initial age distribution of the forest. Inequality (11) also shows that the Dunford-Pettis criterion applies to A (see Askenazy and Le Van, 1999 , 50, or Diestel, 1984 . The criterion requires that 8 ϵ40, there exists δ40 such that if
À ra Þ=ðrAÞ. Dunford-Pettis implies that A is relatively compact in the weak topology σðL
(see Askenazy and Le Van, 1999, 30) .
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Given fh n ðtÞg, suppose lim n-1 h n ¼ h n in the weak topology. The sequences fH n ðtÞg and fv n ðtÞg and also H n and v n are then constructed as described in the previous section. Putting gðsÞ ¼ e rs for s r t and ¼0 for s 4 t, it follows that lim n-1 H n ðtÞ ¼ H n ðtÞ for all t A ½0; 1Þ. Next, it is shown in Appendix B that lim n-1 v n ðtÞ ¼ v n ðtÞ a.e., lim n-1 w n ðtÞ ¼ w n ðtÞ a.e. and lim n-1 c n ¼ lim n-1 pðt À v n Þh n ¼ pðt À v n Þh n ¼ c n in the weak topology. As a consequence, the following lemma holds.
11 If no such h 1 exists, the result is obvious. 12 In the following discussion, condition (d) defining A is weakened to a r wðtÞÀt 8 t Z 0. 13 If limn-1hnðtÞ ¼ h n ðtÞ a.e. and ( f A L 1 þ ðe À rt Þ such that hnðtÞ r f ðtÞ a.e. 8 n, then by Lebesgue's dominated convergence theorem (LDCT) limn-1hn ¼ h n in the weak topology (Jones, 1993, 136) . Thus weak convergence is essentially weaker than convergence pointwise a.e. Proof. (i) Suppose there exists ϵ40 such that h n ðtÞ 4h þ ϵ on a set X of nonzero measure ζ. Then R X ðh n ðtÞÀ h n ðtÞÞ dt o À ϵζ o0 which contradicts the weak convergence of the h n to h n .
Lemma 1. (i)
(ii) The following proof assumes a on ¼ a n o for all n.
14 By assumption (h) there is ϵ 4 0 such that U 0 ðϵÞp À C 0 ð0Þ 40. It is easy to modify the explanation of (11) and (12) 
À rt Þ such that Uðc þ ϵÞÀCðhÞog for all ϵA½0; ϵ. This then implies that R 1 ao ðUðc þϵÞÀCðhÞÞe À rt dt is continuous at ϵ ¼ 0 (Jones, 1993, 153) . Secondly, it follows from the concavity of U and the convexity of C that
n þ ϵÞ is bounded above by U 0 ðϵÞ and C 0 ðh n Þ is bounded above by any constant which bounds all the fC 0 ðh n Þg. Multiplying the above inequality by e À rt , integrating from a n o to 1 and letting n-1 then yields the result lim sup n-1 R 1 a n o ðUðc n þ ϵÞÀUðc n þ ϵÞÀCðh n ÞþCðh n ÞÞe À rt dt r0 because of the weak convergence of the fc n g and fh n g to c n and h n . Since Uðc n Þ oUðc n þϵÞ, one then sees that lim sup n-1 Wðh n Þ r e
À rt dt and letting ϵ-0 proves this part of the lemma.
(iii) By the comments above lim n-1 Uðc n ÞÀCðh n Þþf ¼ Uðc n ÞÀCðh n Þþf a.e. and the functions in the limit are nonnegative.
Fatou's lemma then applies and R 1 a n o lim n-1 ðUðc n ðtÞÞ À Cðh n ðtÞÞÞe À rt dt r lim inf n-1 R 1 a n o ðUðc n ðtÞÞ ÀCðh n ðtÞÞÞe À rt dt (Jones, 1993, 129) . Thus Wðh n Þ rlim inf n-1 Wðh n Þ which together with (15) gives the result. □
A sequence of functions fh n ðtÞg in A will now be considered such that lim n-1 Wðh n Þ ¼ supfWðhÞ: h A Ag o 1. If lim h-1 C 0 ðhÞ ¼ 1, the sequence can be modified if necessary so that it is uniformly bounded above. 15 The Eberlein-Šmulian theorem implies that A is relatively sequentially compact in the weak topology (Diestel, 1984, 18) . Thus this sequence can be chosen so that it converges weakly to a function h n ðtÞ in the weak closure of A. By (15), it follows that Wðh n Þ ¼ supfWðhÞ: h A Ag and an optimal harvest policy has been found. 16 This proof does not depend on the initial age distribution of the forest so can be applied to (10)}. It then gives the second part of the following proposition:
Proposition 2. For any initial age distribution of the forest, there is a h A A which maximizes W(h) as given by (10). Further, there is at least one initial age distribution and logging policy which yields a higher present value of the social surplus than any other initial age distribution and logging policy.
The extended forestry maximum principle
This principle will be derived as in Heaps (1984) The multiplier q(t) can then be chosen for t Z a o to be an absolutely continuous function so that a.e. (see (25) below)
and the coefficient of η under the integral sign is zero a.e. This integral then simplifies to
The current value Hamiltonian for the extended forestry maximum principle is then
The optimal h should satisfy W 0 ð0Þ ¼ e rao R 1 ao ð∂J=∂hÞη e À rt dt r 0 for all admissible η. In Heaps (1984) , it is shown at this stage that this implies that the optimal h must maximize J(h) subject to hA ½0; h. The argument presented there can be modified so that it also applies for the extended forestry age class model. 18 Thus an extended forestry maximum principle for this model has been obtained.
Proposition 3. EXFMP An optimal solution h for the extended forestry age class continuous model (10) maximizes the Hamiltonian J(h) subject to hA ½0; h and t Za o . The other conditions in (10) must also be satisfied and the multiplier q(t) (defined on ½a o ; 1Þ) should be absolutely continuous and satisfy a.e. the adjoint equation (22). The transversality condition lim t-1 qHðtÞe À rt ¼ 0 should also hold. 
These formulas show that q(t) is well defined for any optimal logging policy and t Z a o . In case U 0 ð0Þ o 1, this is because U 0 ðcÞ is bounded above. In case U 0 ð0Þ ¼ 1, for t 4wð0Þ it is because by (3) fU 0 ðcðsÞÞ: t r s rwðtÞg is bounded above by U 0 ðcðwÞÞe rðwðtÞ À wÞ where wð0Þ o w ot and cðwÞ a 0. For 0 ot r wð0Þ, v ¼ 0 on ½0; wð0ÞÞ and (25) simplifies to R wðtÞ wð0Þ . The absolute continuity of q(t) is discussed by Jones (1993, 550) . 18 The argument may be obtained from http://www.sfu.ca/ $ heaps/exfmp/varexam.pdf. 19 There is an extensive mathematical literature where maximum principles are used to analyze optimal control problems with a delay. It begins with Pontryagin et al. (1964, 204) and recent examples are Kolmanovski and Myshkis (1999, 543-544) and Ortiz and Wolenski (2004) . Both of these authors deal with the case of a variable exogenous delay. None of this literature deals, however, with a variable endogenous delay of the form in this paper. An explanation of the difference between the EXFMP and the result for the exogenous variable delay case may be found at http://www.sfu.ca/ $ heaps/exfmp/ delproc.pdf. There is also an extensive literature that studies optimal control problems with an endogenous variable delay without the use of a maximum principle. An example is Hritonenko and Yatsenko (2008) . Heaps (1984) also provides an economic interpretation for the FMP. It also applies to the EXFMP and can be obtained from http://www.sfu.ca/ $ heaps/exfmp/ecint.pdf.
It should also be noted that the EXFMP is sufficient as stated next in Proposition 4. The proof is a straight forward extension of the proof of the similar proposition in Heaps (1984) . 20 Proposition 4. The EXFMP is sufficient to describe the optimal solution to the extended forestry age class continuous model. Moreover, an optimal logging policy is unique.
Some implications of the EXFMP
The question of convergence of optimal logging polices will be addressed with the help of the following corollaries. They are proven for such policies using the EXFMP. h with a maximum value. The rest of the proof is similar to the proof of (i). Given h A A, there may be an interval of choices for the base time a o at which W(h) is calculated. The latest possible choice is wð0Þ, the time at which active logging begins. This base time also gives the highest possible value of W(h) so will now always be used in the search for optimal logging policies. Suppose now that fh n g is a sequence of optimal logging policies which converges weakly to a logging policy h n (including in the initial age distributions). Later it will be shown that h n is actually also optimal with the help of the following result.
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□ Corollary 2. If there exist functions cðtÞ andhðtÞ such that 0 o cðtÞ r c n ðsÞ and h n ðsÞ rhðtÞ o 18n and s A ðw n ð0Þ; t, then lim n-1 q n ðtÞ ¼ q n ðtÞ pointwise a.e. on ½w n ð0Þ; 1Þ where q n is defined by (25) from h n . This result also holds if U 0 ð0Þ o 1,
4 À1 and cðtÞ 0.
Asymptotic stability
It will be shown here that an optimal logging policy always converges to a constant policy when h ¼ 1. First, it will be shown that weak convergence of optimal harvesting policies can imply a stronger convergence.
Proposition 5. If fh n g is a sequence of optimal logging policies in A, h n ¼ lim n-1 h n in the weak topology on L 1 þ ðe À rt Þ (including in the initial age distributions) and there exist functions cðtÞ andhðtÞ such that 0 o cðtÞ r c n ðsÞ and h n ðsÞ rhðtÞ o18n and s A ðw n ð0Þ; t, then h n is an optimal logging policy and h n ¼ lim n-1 h n a.e. on ðw n ð0Þ; 1Þ. This result also holds if U 0 ð0Þ o 1,
4 À1 and cðtÞ 0. Moreover, if either lim h-1 C 0 ðhÞ o1 or fh n g is uniformly bounded above on ½w n ð0Þ; 1Þ, Wðh n Þ ¼ lim n-1 Wðh n Þ.
Proof. The Hamiltonian for the initial conditions associated with h n is
If lim n-1 h n ¼ h n in the weak topology, then since lim n-1 v n ¼ v n and lim n-1 q n ¼ q n a.e. on ðw n ð0Þ; 1Þ (see Corollary 2), lim n-1 J n ðhÞ ¼ J n ðhÞ ¼ Uðpðt Àv n ðtÞÞhÞÀCðhÞÀq n ðtÞh 8 h and almost all t A ½w n ð0Þ; 1Þ. For such a t, suppose some subsequence of fh n ðtÞg converges, e.g. lim k-1 h n k ðtÞ ¼ h nn . Since J n ðhÞ rJ n ðh n ðtÞÞ 8 h, we can conclude on taking limits with respect to k that J n ðhÞ r J n ðh nn Þ 8h.That is h nn maximizes J n ðhÞ. Now since J n is strictly concave in h and q n 40 by (25), the problem of maximizing J n has a unique finite solution. Thus h nn is the only point of accumulation of the bounded sequence fh n ðtÞg and the limit of this whole sequence exists and equals h nn . It can be concluded that fh n ðtÞg converges a.e. to a function h nn ðtÞ on ½w n ð0Þ; 1Þ. This sequence of functions also converges to h nn ðtÞ in the weak topology (see footnote 13). Since weak limits are unique (Diestel, 1984, 10) ; it can be concluded that h nn h n a.e. on ½w n ð0Þ; 1Þ. Thus it has been shown that the time paths 〈h n ðtÞ; q n ðtÞ〉 satisfy the EXFMP for t 4 w n ð0Þ so since the EXFMP is sufficient (Proposition 4), they are an optimal logging policy.
The final result is then an application of Lemma 1(iii) as for optimal policies the social surplus SSðtÞ ¼ Uðpðt À vðtÞÞhðtÞÞ ÀCðhðtÞÞ Z À Cð0Þ8t.
The link between Proposition 5 and the limiting properties of a single optimal logging policy is provided by the concept of a translation of a member h of L 1 . If τ A R, the τ translation of h is h τ defined by h τ ðtÞ ¼ hðt þ τÞ. The question is then what can be said about lim τ-1 h τ when h is an optimal logging policy. The following should be noted. It is straight forward to check that the cumulative harvest policy for translation by τ Z 0 is H τ ðtÞ ¼ Hðt þ τÞÀHðτÞ. Moreover the associated rotation 20 The proof may be obtained from http://www.sfu.ca/ $ heaps/exfmp/suffpr.pdf. 21 The proof may be obtained from http://www.sfu.ca/ $ heaps/exfmp/qconv.pdf.
τÞÀt À τ, the conditions of the EXFMP for h τ at t are satisfied if and only if these conditions are satisfied for h at t þ τ (with q τ ðtÞ ¼ qðt þ τÞ). Thus if h A A T is optimal then h τ A A T and h τ is also optimal.
Use will now be made of the following accounting identity. 
This formula will be used as follows. Given a logging policy h and τ A R þ , another logging policy h pτ of period τ can be constructed from h. The formula is h pτ ðtÞ ¼ hðtÞ when 0 r t oτ and h pτ ðtÞ ¼ hðt À nτÞ when nτ r t oðn þ 1Þτ where n is a positive integer. Note that h pτ and h satisfy the same initial conditions provided τ Z wð0Þ.
23 Assuming this, suppose h is an optimal logging policy. By Proposition 4, optimal logging policies are unique. 
An application of this lemma is the following.
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Proposition 6. If h is an optimal logging policy and τ Z wð0Þ, then WðhÞ r Wðh τ Þ where the inequality is exact if h τ a h.
Proof. A little manipulation yields the first result when (28) Wðh τ Þ rWðh τ n Þ8τ Z τ n o1, then h τ n is a constant function.
Proof. From Proposition 6, h τ 1 ¼ h ¼ h τ 2 which is not possible unless h is constant. Turning now to the situation of an optimal logging policy h for a predetermined initial age distribution, let fτ n g be any increasing unbounded sequence. By the results of Section 3, this sequence can be refined so that lim n-1 h τn ¼ h n in the weak topology. Note now that lim t-1 hðtÞ ¼ 0 is false because that would imply h n ðtÞ ¼ lim n-1 h τn ðtÞ ¼ 0 a.e. no matter which sequence is used. Then by Lemma 1(iii), the contradiction lim τ-1 Wðh τ Þ ¼ ÀCð0Þ is obtained. Thus there is fτ n g and c 4 0 such that cðτ n Þ Zc 8 n. Proof. The rotation function v is monotone increasing so has at most a countable number of jumps. Each jump can be associated with a τ where hðτÞ ¼ 0 (see Appendix A). If the number of jumps was infinite, there would be an increasing 22 The initial age distribution is included in the periodicity. 23 If the initial age distribution of h contains jumps, then hpτ = 2 A T and hpτ is not optimal. 24 This proposition says that an optimal policy changes the age distribution of the forest in such a way that it becomes more valuable after a single rotation than it was before the rotation. Something like this was conjectured in Heaps (1984).
unbounded fτ n g such that hðτ n Þ ¼ 0 8 n. In the case U 0 ð0Þ ¼ 1 this is impossible because by (3) U 0 ðcðsÞÞ ZU 0 ðcðτ n ÞÞe À ðτn À sÞ for s A ½w n ð0Þ; τ n would imply cðsÞ ¼ 0 8 s. In the case U 0 ð0Þ o 1, U ″ ð0Þ 4 À1, Proposition 7 applies to a subsequence of fτ n g which is also impossible since then h n ¼ lim n-1 hðτ n Þ ¼ 0 which is not an optimal policy. Thus there exists T o 1 3 v is continuous on ½T; 1Þ. 
Combining these two equations then gives a modified Faustmann formula
so f 0 has the sign of rx À1 þe À rx at x ¼ x n which is positive. It follows that X consists of a single point. It is this point that is lim t-1 t À vðtÞ.
In other words, the optimal logging policy will over the long term convert the age distribution of the trees on the forest land into a normal uneven aged forest. 
Conclusion
This paper has provided a unifying framework for the forestry maximum principle and the continuous Mitra-Wan type tree farm. Both models are shown to be special cases of a more general model of multiple age class forest management. The existence of an optimal harvesting policy is established including the existence of one initial age distribution and logging policy h nn which yields a higher present value of the social surplus than any other initial age distribution and logging policy.
Then necessary conditions are derived for optimal logging policies that extend those of the forestry maximum principle. These conditions, which are also sufficient, are then applied to study the limiting properties of a sequence fh n g of optimal logging policies. Supposing that the sequence converges weakly to a logging policy h n and that certain boundedness conditions are satisfied, it is shown that the associated costate variables fq n g converge pointwise a.e. to q n . Next the sufficiency is used to show that the convergence result above can be strengthened to convergence pointwise a.e. of the fh n g to h n . It is further shown that h n is an optimal logging policy and that convergence also occurs for the present value of net benefits from logging.
As time passes, a logging policy changes the age distribution of the trees on the forest land. For an optimal policy, it is shown that if the amount of time passed is greater than the length of one complete harvesting cycle, then the new age distribution will be associated with a higher present value of net benefits from future logging than the old age distribution provided the two distributions are different. It follows that the h nn age distribution is a constant as time passes. This is only possible if the forest is managed as a normal forest. Finally, for any optimal logging policy and initial age distribution of the forest, the limiting behavior of how the age distribution changes as time passes is determined. It is shown that the harvesting age and amount of harvesting both have a constant as their limit and the limiting age distribution is the normal forest associated with these constants. The EXFMP is used to help derive this result and it leads to a modified Faustmann formula (29) satisfied by the number of age classes in the limiting optimal rotation. This formula may however have more than one solution. Another question which has not been addressed is how examples of the continuous forestry age class model can be solved numerically. 25 For t 4T, x n ¼ t À v n ðtÞ ¼ limn-1t þ τn À vðt þ τnÞ.
26 The classical Faustmann formula (see Amacher et al., 2009, 25) can be written as p ðxÞð1 À e À rx Þ ¼ rðpðxÞÀcÞ. This is a special case of (29) when C ¼0 as in Mitra-Wan or when both U and C are linear as in Amacher et al. In all cases the number of nonzero age classes of the limiting normal forest is a solution of (29) with h ¼ A/x. The arguments above do not say there is only one possibility for the limiting normal forest given A: Different initial age distributions may have different values of W . An example has been found where there are two solutions h of (29) for some values of x. Moreover, for some values of A, there are two values of x for which xh¼ A. The specification of the example and commands for describing its solution are in a Maple 17 worksheet which can be downloaded from http://www.sfu.ca/ $ heaps/exfmp/exfmp.mw.
A discussion of solving (29) can be obtained from http://www.sfu.ca/ $ heaps/exfmp/faust.pdf.
In conclusion, this paper has provided economic support for the belief that the normal forest, although utopian, can be "considered to be a useful "yardstick" against which to compare the structure of existing forest management units" (Royal Commission on Forest Resources, 1975, 4) .
Given a 4 a n o , the partial proof implies that lim sup n-1 Z 1 a ðSS n ðsÞÀSS n ðsÞÞe À rs dsr 0
Since a is arbitrary, it follows that lim sup n-1 of the first term above is nonpositive. The second integral has a zero limit since a on -a n o and this also implies that the third term has a zero limit. For the second type of subsequence, liminf n-1 w n ð0Þ Z w 
